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STEADY EULER FLOWS AND THE
FADDEEV-SKYRME MODEL WITH MASS TERM
RADU SLOBODEANU
Abstract. We point out a duality between integrable (in an ap-
propriate sense) steady incompressible Euler flows and the solu-
tions of the strongly coupled Faddeev-Skyrme sigma model with
a potential term. We supplement this result with various applica-
tions and several explicit classical solutions.
1. Introduction
Effective field theory approach has allowed a rich infusion of tech-
niques and new insights into relativistic hydrodynamics (see e.g. [10,
32] and references therein). The field is roughly speaking a submersion
whose fibres are spanned by the velocity of the fluid and the action
functional is constructed by requiring invariance by volume-preserving
diffeomorphisms of the codomain ([7]). Surprisingly, this variational
approach is less obvious for the non-relativistic case, where however
other variational formulations ([2]) are known, specifically for steady-
state problem. In this paper we implement the effective field formalism
for steady incompressible Euler fluids which in this way turn out to be
dual to field solutions of a sigma model with quartic kinetic term and
potential. This model correspond precisely to the strong coupling limit
(supplemented with a mass term) of a sigma model proposed by Fad-
deev [13] and renewed starting with the numerical evidence in [14].
Initially designed as an extrapolation of Skyrme’s soliton idea in nu-
clear physics ([29]) to knot-like structures, Faddeev model acquires in
the present context a remarkable physical interpretation in terms of
fluid flows. The correspondence between fluids and sigma model so-
lutions (Proposition 2) is illustrated by explicit examples and, among
other possible applications, we derive the non-existence (Proposition 4)
Date: July 30, 2018.
2010 Mathematics Subject Classification. 53C43, 58E30, 53B50, 74G05, 76M30.
Key words and phrases. Calculus of variations, fluid, sigma model.
I thank M. Speight for insightful discussions on the Faddeev-Skyrme model and
valuable comments on an earlier version of the manuscript. I also acknowledge
highly useful remarks and suggestions from D. Peralta-Salas.
1
2 RADU SLOBODEANU
of axially symmetric field solutions, by exploiting an analogous result
([21]) for steady flows on R3 with asymptotic boundary conditions.
The paper is structured as following. In the next section we collect
the relevant facts about Euler equations in fluid mechanics, extended
to Riemannian 3-manifolds, and in §3 we present a variational problem
related to the Faddeev-Skyrme model. In §4 we give the main result
(Proposition 2) relating stationary fluid solutions with Faddeev-Skyrme
fields, and we derive some extensions and applications. The last section
(§5) is devoted to explicit examples illustrating this correspondence.
2. Fluids in equilibrium
A fluid moving in (a domain of) R3 is described by the following time
dependent quantities: the velocity vector v(x, t), the pressure p(x, t)
and the density ρ(x, t) scalars. In the absence of energy dissipation the
fundamental equations of fluid dynamics are ([25])
(1)
{
∂tv + (v · ∇)v = −1ρ grad p (Euler’s equation)
∂tρ+ div(ρv) = 0 (equation of continuity)
,
Fluids for which these equations hold are called inviscid, or ideal. Here
we are concerned with steady fluids for which ∂tv = 0, so that the Euler
equation simplifies to (v · ∇)v = −1
ρ
grad p, where 1
ρ
grad p = gradw,
and w is the enthalpy function. By taking the scalar product with v
we obtain that the following quantity
P = w + 1
2
|v|2,
called the Bernoulli function, is conserved along the flow.
We further assume that the fluid is incompressible, i.e. ρ ≡ 1. Then
an ideal steady incompressible fluid flow v is a solution of the equations
(2)
{
(v · ∇)v = − grad p
divv = 0
for some pressure function p, or, equivalently,
(3)
{
v × curl v = gradP
divv = 0
for the corresponding Bernoulli function P = p+ 1
2
|v|2. For brevity we
shall call such solutions steady Euler flows.
Notice that (3) coincide with the ideal magnetohydrodynamic equi-
librium equations via the substitutions v ≈ B (magnetic field) and
P ≈ −p (hydrostatic pressure).
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Recall that curl v is called vorticity field and that the first equa-
tion in (3) implies (or, in a simply connected setting, is equivalent to)
[curl v, v] = 0, that is the two vector fields commute. If v and curl v
are not everywhere collinear, then they give rise to a 2-dimensional
foliation (given by tori or annuli representing the regular level surfaces
of the Bernoulli function P ) of the domain. This statement is further
refined by the celebrated Arnold structural theorem [2, Ch.II, §1].
Finally let us mention the fundamental fact that steady fluids equa-
tions admit a divergence formulation:
(4) div(ρv♭ ⊗ v♭ + pg) = 0
where g is the (euclidean) metric and the divergence free quantity is
the momentum-flux tensor, T . For further use, notice the following
equivalent form (for ρ ≡ 1) of this tensor at any point where v 6=
0: T = 1
2
|v|2(gV − gH) + Pg, where V = Span{v}, H = V⊥ and
superscripts indicate the restriction to the corresponding subspace (so
that g = gV + gH).
2.1. Fluids on a manifold. Let (M, g) be an oriented Riemannian 3-
manifold with Levi-Civita connection ∇. We say that a tangent vector
field V defines a steady Euler flow on M if ∇V V = − grad p (for some
function p) and divV = 0, that reduce to Equations (2) in the Euclidean
case. Around a point where V is not zero, considering U = 1|V |V , we
notice that we can rewrite these equations as follows:
(5)
{
|V |2 [∇UU − gradH (ln |V |)] = − gradP
divU + U(ln |V |) = 0
where gradH denotes the component of the gradient orthogonal to V
and the Bernoulli function P has the same definition as before.
Denote by νg the associated volume form of (M, g). The vorticity
field curlV is defined by
ıcurlV νg = dV
♭,
where ı denotes the interior product, or, equivalently, by curlV =
(∗dV ♭)♯, where ∗ is the Hodge star operator, ♭ is the isomorphism
sending vectors to dual 1-forms, induced by g, and ♯ the inverse of ♭.
Thus Equation (3) and the subsequent discussion extend to this general
setting.
2.2. Beltrami fields. Recall that an important class of steady Euler
flows is provided by Beltrami fields, that are divergence-free vector
fields satisfying curlV = fV , for some function f on M . If f ≡ 0, then
they are called potential fields, and otherwise rotational Beltrami fields.
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When dealing with rotational Beltrami fields, we further distinguish
between linear or strong (f ≡ cst.) and non-linear (f 6= cst.) fields.
Smooth, non-singular rotational Beltrami fields enjoy the remarkable
property ([12]) of being at the same time Reeb-like vector fields for some
contact form on M (see [5] for the contact geometry background).
3. Strongly coupled Faddeev-Skyrme sigma model with
mass term
In this section we introduce a variational problem related to the
Faddeev-Skyrme model [13, 14]. For further use, we give explicit ex-
pressions for its stress-energy tensor and for the corresponding Euler-
Lagrange equations.
Let (Mm, g) and (Nn, h) be Riemannian manifolds (m ≥ n) and ϕ :
M → N a differentiable mapping. Let Mϕ = {x ∈ M : rank dϕx < n}
be the critical set of ϕ (i.e. the set of critical points); on M \ Mϕ
(i.e. the set of regular points), V = ker dϕ will denote the vertical
distribution (which is tangent to the fibres, so integrable) and H = V⊥,
the horizontal distribution of ϕ. The map ϕ is called almost submersion
if it has maximal rank on a dense subset of M . Recall also that Cϕ =
dϕt ◦ dϕ ∈ End(TM) is the Cauchy-Green (or strain) tensor of ϕ.
Definition 1. Let P : N → R+ be a non-negative function on N . For
every map ϕ : M → N the σ2-energy with potential over a compact
domain K in M is defined by
(6) Eσ2,P (ϕ,K) =
1
2
∫
K
{| ∧2 dϕ|2 + 2P ◦ ϕ}νg,
A map ϕ : M → N is called σ2-critical with potential P if for every
compact domain K in M and for any variation {ϕs}s∈(−ǫ,ǫ) supported
in K, of ϕ = ϕ0, we have
d
ds
∣∣∣
s=0
Eσ2,P (ϕs, K) = 0.
In this paper we shall focus on classical solutions of this variational
problem, so we consider only mappings ϕ (and potential functions P )
having a sufficient regularity for the associated Euler-Lagrange equa-
tions (see below) to be well-defined. Thus ϕ is requested to be of class
C2 and P of class C1.
Notice that | ∧2 dϕ|2 = σ2(ϕ) =
∑
i<j λ
2
iλ
2
j , the second elementary
symmetric polynomial in the eigenvalues of the strain tensor of ϕ. Thus
P ≡ cst. leads us to the ”pure” σ2-variational problem introduced in
[11] and discussed e.g. in [4, 30, 42].
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Using the results in [30, 42], it is immediate to obtain the Euler-
Lagrange equations associated to the σ2-energy with potential:
Proposition 1. A C2 map ϕ : M → N is σ2-critical with potential P
if and only if it satisfies the Euler-Lagrange equations
τσ2(ϕ)− (gradP ) ◦ ϕ = 0,
where τσ2(ϕ) is the σ2-tension field of ϕ given by:
τσ2(ϕ) = trace∇(|dϕ|2dϕ− dϕ ◦ Cϕ).
In the following we shall mainly consider mappings ϕ : (M3, g) →
(N2, h) with one-dimensional fibres into a compact Riemann surface
with orthogonal complex structure J and area (or Ka¨hler) 2-form ω(·, ·) =
h(·, J ·). With M either euclidean R3 or compact, this is the case typi-
cally occurring in the strongly coupled Faddeev-Skyrme model with po-
tential [1, 15]. Since a quadratic potential adds a mass term to the lin-
earization of the model about the vacuum, the potential is also called
mass term.
Remark 1. As dimN = 2, an equivalent formulation of the action
functional (6) in terms of an area 2-form on N is
Eσ2,P (ϕ) =
1
2
∫
M
{|ϕ∗ω|2 + 2P ◦ ϕ}νg.
The associated Euler-Lagrange equations become ([35, Remark 2.11])
(7) Jdϕ
(
(δϕ∗ω)♯
)
+ (gradP ) ◦ ϕ = 0.
Since the rank cannot drop locally, at any regular point one can
define the mean curvature of the fibres / of V, by µV = ∇UU , with
U being a local unit vertical vector field, and we introduce the vector
field
(8) Tϕ = µ
V − gradH(ln |λ1λ2|),
where gradH is the horizontal part of the gradient, and λ21, λ
2
2 are the
non-zero eigenvalues of Cϕ (or equivalently of ϕ
∗h with respect to g).
Lemma 1. The σ2-tension field of a mapping ϕ : (M
3, g) → (N2, h)
at any regular point is given by
(9) τσ2(ϕ) = −dϕ
(
λ22g(Tϕ, E1)E1 + λ
2
1g(Tϕ, E2)E2
)
,
where E1, E2 are unit (orthogonal) eigenvectors of Cϕ corresponding to
the non-zero eigenvalues λ21 and λ
2
2, respectively.
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Proof. According to [42], we have the identity
(10) h(τσ2(ϕ), dϕ) = −divSσ2(ϕ),
where Sσ2(ϕ) =
1
2
σ2(ϕ)g − ϕ∗h ◦ χ1(ϕ) is the σ2-stress-energy tensor
defined in terms of the first Newton tensor:
χ1(ϕ) = |dϕ|2IdTM − Cϕ.
We can check that in our case, at any regular point x ∈M ,
(11) Sσ2(ϕ) =
1
2
λ21λ
2
2(g
V − gH).
so that (divSσ2(ϕ))(X) = g(λ
2
1λ
2
2∇UU − 12 gradH(λ21λ22), X) for any
horizontal vector field X . At x, let E1, E2 be unit (orthogonal) eigen-
vectors of Cϕ corresponding to the non-zero eigenvalues λ
2
1 and λ
2
2,
respectively. Since { 1
λ1
dϕ(E1),
1
λ2
dϕ(E2)} form an orthonormal basis
of Tϕ(x)N , developing τσ2(ϕ)x in this basis and using (10) gives the
result. 
Remark 2 (Consistent diagonalization). In smooth setting, according
to [28, Lemma 2.3], at any point of a dense open subset of M , we
have a local orthonormal frame of eigenvector fields {U,E1, E2} of the
Cauchy-Green tensor Cϕ, corresponding to the eigenvalues {0, λ21, λ22}.
In this case the proof of Lemma 1 can be obtained along the lines of
[30, Corollary 3.1].
Corollary 1. For a C2 mapping ϕ : (M3, g) → (N2, h), the Eσ2,P -
Euler-Langrange equations at regular points are equivalent with
(12) λ21λ
2
2
(
µV − gradH(ln |λ1λ2|)
)
= − grad(P ◦ ϕ),
and, if the Eσ2,P -Euler-Langrange equations are satisfied everywhere on
M , then the critical points of ϕ are also critical points of P = P ◦ ϕ.
In particular, if an almost submersion ϕ has minimal fibres (i.e.
µV = 0) and 1
2
λ21λ
2
2 = P ◦ ϕ, then ϕ is σ2-critical with potential P .
Proof. By Proposition 1, ϕ is σ2-critical with potential P iff τσ2(ϕ)x =
gradPϕ(x) for any x ∈ M . At regular points, x ∈ M \Mϕ, using the
same basis as in Lemma 1, we have gradPϕ(x) =
1
λ2
1
E1(P ◦ϕ)dϕ(E1) +
1
λ2
2
E2(P ◦ ϕ)dϕ(E2), which, combined with (9), yields Equation (12).
Now let x ∈Mϕ be a critical point, i.e. rank dϕx ≤ 1. Then ϕ∗ωx =
0, so for any X ∈ TxM we have X(P ◦ ϕ)x = h(gradP ϕ(x), dϕx(X)) =
−h(Jdϕx
(
(δϕ∗ω)♯
)
, dϕx(X)) = ϕ
∗ωx((δϕ∗ω)♯, X) = 0, where the sec-
ond equality is given by the Euler-Lagrange equations (7). This proves
that x is critical also for P , i.e. grad(P ◦ ϕ)x = 0 for any x ∈Mϕ.
The second statement is immediate. 
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4. Field-Fluid Correspondence
In this section we establish the correspondence between steady so-
lutions of the Euler system (3) and field solutions of the σ2-variational
problem with potential. Then we point out some direct applications of
this duality.
Proposition 2. If the C2 mapping ϕ : (M3, g)→ (N2, h) is σ2-critical
with potential P , and ω is the area 2-form on N induced by h, then the
vector field V = (∗ϕ∗ω)♯ satisfies the Euler equations for steady incom-
pressible flows on M with Bernoulli function P = P ◦ϕ. Conversely if
V is a steady incompressible Euler solution on M , then it exists locally
a σ2-critical submersion with potential into some surface (N, h) with
fibres tangent to V .
Proof. Let ϕ be a σ2-critical map with potential P . Around a reg-
ular point x, let U be the (locally defined) unit vertical vector field.
Then the vector field V = (∗ϕ∗ω)♯ can be rewritten as V = λ1λ2U .
Since µV = ∇UU , Equation (12) shows that V satisfies the first fluid
equation in (5). The divergence-free condition for V , which reads
divU +U(ln |λ1λ2|) = 0, is also satisfied since it turns out to be equiv-
alent to (divSσ2(ϕ))(U) = 0, which is true by (10). Another way of
proving this part is to simply compare the momentum-flux tensor (4)
of the fluid (see its alternative expression) with the σ2-stress-energy
tensor (11) of the field, adjusted by the presence of the potential term,
and then to apply (10).
At critical points x ∈ Mϕ, by construction we have Vx = 0 and by
Corollary 1 we have gradPx = 0, so the steady incompressible Euler
equations are satisfied also at these points.
Conversely, let V be a solution of the equations (5) for some Bernoulli
function P . In a neighbourhood of a point x ∈ M where Vx 6= 0, let ϕ
denote the local projection along V into some 2-manifold N . Denote
by ϑ the 1-form dual to V . The continuity equation divV = 0 implies
LV (∗ϑ) = 0,
so that ∗ϑ is a basic 2-form and it descends to an area 2-form ω on
N . Choosing an associated metric h for the symplectic structure ω,
we can check that |ϕ∗ω| = λ1λ2 = |V |, where λ21, λ22 are the non-zero
eigenvalues of ϕ∗h with respect to g. Moreover since V (P ) = 0, P is a
projectable function: P = P ◦ ϕ for some P defined on N . Therefore
the Euler first equation in (5) translates into λ21λ
2
2 Tϕ = − grad(P ◦ ϕ)
which, by Corollary 1, implies that ϕ is σ2-critical with potential P . 
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We may see the above result either as a variational characterization
of steady incompressible Euler flows (see [2, p. 75] and [19] for an
alternative) or as a new physical interpretation of the strongly coupled
Faddeev-Skyrme model.
The correspondence between steady Euler flows and σ2-critical sub-
mersions with potential is only local. Those steady flows for which the
correspondence happens to be global will be called S-integrable, where
S is standing for ’submersion’ or ’simple’, since the 1-dimensional (sin-
gular) foliation given by the integral curves of V (allowed to have zeros)
is simple.
Definition 2. A vector field V on a manifold M is called S-integrable
if at any regular point it is tangent to the fibres of a map ϕ : Mm →
Nm−1.
4.1. Forced Euler flows and solutions of the full Faddeev-Skyrme
model with mass term. Including the standard Dirichlet density
into the σ2-energy functional yields (κ ∈ R+):
(13) Eσ1,2,P (ϕ) =
1
2
∫
{κ|dϕ|2 + | ∧2 dϕ|2 + 2P ◦ ϕ}νg,
that gives rise to the corresponding notion of σ1,2-critical mapping ([30])
with potential, as in the full Faddeev-Skyrme model with mass term.
By a completely analogous argument as above, using the stress-
energy tensor Sσ1(ϕ) =
1
2
|dϕ|2 g − ϕ∗h associated to the Dirichlet en-
ergy, we obtain
Proposition 3. If ϕ : (M3, g) → (N2, h) is a σ1,2-critical map with
potential Pand ω is the area form on N , then V = ∗ϕ∗ω satisfies the
steady forced Euler equations:
∇V V = − grad p+ F, divV = 0,
where F = κ(divCϕ− 12 grad |dϕ|2) and p = P (ϕ)− 12 |V |2. In particular,
F ⊥ V .
4.2. Beltrami flows and σ2-critical fields with finite energy.
Proposition 2 shows in particular that the ”pure” σ2-variational prob-
lem (with P ≡ cst.) for mappings with 1-dimensional fibres on M3,
gives rise to Beltrami flows.
By the standard Derrick’s scaling argument [9], the pure σ2-energy
functional on R3 doesn’t allow non-trivial critical points with finite
energy. This can be now seen as a Liouville property for S-integrable
Beltrami flows. This allows us to guess that for general Beltrami flows
the same property will hold. Indeed, it has been recently proved ([27])
that:
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If a C1 Beltrami field in R3 has finite energy
∫
R3
|V |2νg,
then it is identically zero.
.
4.3. Axisymmetric flows and the rational map ansatz. The orig-
inal Faddeev-Skyrme model is defined for fields ϕ : R3 → S2 sat-
isfying the asymptotic boundary condition lim|x|→∞ ϕ(x) = (0, 0, 1),
x = (x1, x2, x3) ∈ R3. The latter allows the one-point compactification
of R3 to S3 = {(z0, z1) ∈ C2||z0|2 + |z1|2 = 1}, given by (z0, z1) =(
cos f(r)+ ix3
r
sin f(r), x1+ix2
r
sin f(r)
)
, where f(0) = π and f(∞) = 0
([37]). Therefore a particular form of ϕ may be
(z0, z1) 7→ w = z
ℓ
1
zk0
where w = (ϕ1+iϕ2)/(1+ϕ3) ∈ C represents a point of S2 via the stere-
ographic projection. This field ansatz is usually denoted by Ak,ℓ and it
is a particular realisation of an axially symmetric field (in cylindrical
coordinates (ρ, θ, z))
(14) ϕ(ρeiθ, z) =
(
sin Θ(ρ, z) ei(ℓθ−kψ(ρ,z)), cosΘ(ρ, z)
)
where k, ℓ ∈ Z.
Remark 3. The axial symmetry is usually chosen since it is the max-
imal one allowing an arbitrary Hopf invariant ([24]; for the definition
see below). Notice that surfaces of constant Θ are homeomorphic to
tori. Then, at least for solutions of the strongly coupled model with
a potential depending only on ϕ3 = cosΘ(ρ, z), this ansatz choice is
also a particular realization of the 2-dimensional foliation prescribed
by the Arnold structural theorem applied to the associated steady Euler
flow (see the discussion following (3)), which is collinear with W =
k(∂ρΘ∂zψ − ∂zΘ∂ρψ) ∂θ − ℓ(∂zΘ ∂ρ − ∂ρΘ ∂z).
According to [21, Theorem 5.3], there exists no non-trivial C1 ax-
isymmetric solution of the fluid equations (2) having finite energy∫
R3
|V |2νg and satisfying lim|x|→∞ |V | = 0 and lim|x|→∞ p = cst. In
view of Proposition 2, since the vector V = (∗ϕ∗ω)♯ corresponding to
(14) is also axially symmetric, this implies the fact that
Proposition 4. There exists no finite energy axisymmetric C2 solu-
tions of the strongly coupled Faddeev-Skyrme model on R3 with the
potential of the form P = (1− ϕa3)b, a, b ∈ R+.
Recall that (a, b) = (1, 1) and (a, b) = (2, 1) are standard choices of
the potential called old and new baby Skyrme potentials, respectively.
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4.4. Topological energy bounds. Due to the asymptotic boundary
condition lim|x|→∞ ϕ(x) = cst., the field configurations in the Faddeev-
Skyrme model may be seen topologically as maps S3 → S2. Recall that
for such maps the homotopy classes are indexed by the Hopf invariant
(or charge) that can be computed by the integral formula: Q(ϕ) =
1
16π2
∫
S3
α ∧ ϕ∗ω ∈ π3(S2) ∼= Z, where dα = ϕ∗ω, and ω is the standard
area form on S2. The field configurations that minimize the energy in
each homotopy class are the most interesting solutions for the Faddeev-
Skyrme model, and they are called hopfions (in analogy with skyrmions
for the Skyrme model; by extension any solution of Euler-Lagrange
equations may be called in this way).
For null-homologous divergence-free fields V on a compact, con-
nected, oriented Riemannian 3-manifold M with volume form νg, a
similar invariant (to the action of volume preserving diffeomorphisms)
called helicity is defined as H(V ) = 1
π2
∫
α∧ıV νg, where dα = ıV νg (see
[2, p.121-128] for more details). It is well known the fact that ”helicity
bounds energy” ([2]): ∫
M
|V |2νg ≥ π2µ1|H(V )|,
where µ1 > 0 is the first non-zero eigenvalue of the curl operator, and
this yields the minimization property of principal eigenvectors of curl.
One classical example of such field is the Hopf vector field ξ on S3. Less
surprisingly by now, the associated Hopf map was shown [36] to be a
(global) minimizer for Eσ2 in its homotopy class. This result makes use
of the analogous general lower bound for Eσ2 of algebraically inessential
maps ϕ : M → S2, in terms of their Hopf invariant ([34]):
Eσ2(ϕ) ≥ 8π2µ1|Q(ϕ)|,
where µ21 > 0 is the first non-zero eigenvalue of the Laplacian on coexact
1-forms on the domain; the equality is reached if ker dϕ is spanned by
a linear Beltrami field with f ≡ µ1.
For the strongly coupled Faddeev-Skyrme model with mass term on
R
3 it has been recently shown [18] that
Eσ2,P (ϕ) ≥ C|Q(ϕ)|3/4,
where C is a constant depending on P . In view of the fluid-field duality,
given the Bernoulli function, we obtain another topological bound for
the energy
∫
R3
|V |2νg of a steady fluid on R3 (vanishing at infinity) in
terms of its helicity.
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5. Examples
The aim of this section is to illustrate by explicit constructions the
discussion in the previous section. Due to Proposition 4 we have been
led to consider examples on other spaces than R3. The computational
details are available in auxiliary files [41].
Example 1. Let ϕ : R2 × S1 → S2 be defined by:
ϕ(reiθ, eiφ) =
(
sinα(r)ei(θ−φ), cosα(r)
)
where θ, φ ∈ [0, 2π], r ≥ 0, α(r) = arccos
(
1− 2√
r2+1
)
and the met-
rics considered are the standard ones. We can check that in this case
|λ1λ2| = 2r2+1 and the unit vector field tangent to the fibres is
U = 1√
r2+1
( ∂
∂θ
+ ∂
∂φ
).
Take P (ϕ1, ϕ2, ϕ3) =
1
16
(1− ϕ3)4, so that P (reiθ, eiφ) = 1(r2+1)2 .
Then by direct computation we can establish that
• V = λ1λ2U is a steady Euler flow with pressure
p = P − 1
2
|V |2 = − 1
(r2+1)2
;
• ϕ is a σ2-critical smooth submersion with potential P .
Notice moreover that lim|(x,y)|→∞ ϕ(x, y, z) = (0, 0, 1) for any z, and
that 1
2
∫
R2×S1 |V |2νg = Eσ2(ϕ) = 8π2 (finite).
It is interesting to notice that the above V extends to a steady Euler
flow on R3 which is a Beltrami field with respect to a conformally flat
metric (cf. [5, p.134]). The potential appearing in this example has
been considered also in [26].
For further analysis of (winding) Hopfions on R2 × S1, see [16, 20]
(without potential) and [23] (with potential).
5.1. Examples on the 3-sphere. The Faddeev-Skyrme model (with-
out potential) on S3 was first considered in [39]. In the following if no
metric is specified, then the canonical round metric is considered.
The first standard (already mentioned) example is provided by the
Hopf map on S3 which is a (smooth, unit charge) Eσ2-minimizer in
its homotopy class and its associated Hopf vector field ξ which is a
(S-integrable, unit helicity) Beltrami field.
Steady Euler flows with higher helicities on S3 can be easily con-
structed by particularizing the class of solutions given in [22, Example
4.5]. On the other side, there are several attempts to find higher Hopf
charge solutions for the σ2-variational problem: [8, 30, 31] for the pure
σ2-energy case and [1, 15] for the case with potential ([15] provides
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numerical solutions). Nevertheless the existing higher charge field con-
figurations we are aware of are not classical solutions; they may be
weak solutions (in some sense to be defined) or energy minimizers with
low regularity.
In the following we construct some classical solutions on S3 either by
considering an adapted potential, or an adapted metric. We begin by
recalling the construction in [22]. Consider S3 parametrized by
(cos s · eiφ1 , sin s · eiφ2), s ∈ [0, π
2
], φ1,2 ∈ [0, 2π],
endowed with the standard round metric g = ds2+cos2s dφ21+sin
2s dφ22.
We stress that strictly speaking this parametrization correspond to a
choice of local chart coordinates on S3 but we often deal with globally
defined objects (when necessary this can be checked by translating
into Cartesian coordinates in R4). Let ξ− = ∂∂φ1 − ∂∂φ2 , ξ+ = ∂∂φ1 + ∂∂φ2
be, respectively, the anti-Hopf and Hopf vector fields on S3 (they are
globally defined, smooth and non-singular). Define
(15) V = f−(cos2 s)ξ− + f+(cos2 s)ξ+
with f± smooth functions. Then V is a steady Euler flow with pressure
p(cos2 s) = 2
∫ cos2 s
0
f−(t)f+(t)dt. In order to have an S-integrable flow
V we assume f+ + f− = ℓh and f+ − f− = kh, for k, ℓ ∈ Z and
h(cos2 s) a smooth function. Then the associated submersion is of the
type described below.
The α-Hopf construction ([33]) provides us with mappings ϕ(k,ℓ),α :
S3 → S2(1
2
) defined by:
(16) ϕ(k,ℓ),α(cos s ·eiφ1, sin s ·eiφ2) = (sinα(s) · ei(−kφ1+ℓφ2), cosα(s)) ,
where k, ℓ ∈ Z∗ and α : [0, π/2]→ [0, π] usually satisfies the boundary
conditions α({0, π/2}) = {0, π}. When (k, ℓ) = (±1, 1) and α(s) = 2s,
this construction gives us the (conjugate) Hopf fibration as a Riemann-
ian submersion. In general, the Hopf invariant is Q(ϕ(k,ℓ),α) = kℓ.
Notice that the vector field Vk,ℓ = ℓ
∂
∂φ1
+ k ∂
∂φ2
is tangent to the fibres.
Since generally ϕ(k,ℓ),α has critical points only at s ∈ {0, π/2}, we
shall need the following
Remark 4 (Regularity at the poles). Suppose that α is a smooth func-
tion and that it exists a, b ≥ 1 for which the following limits are finite
lim
s→0
sinα(s)
sina s
∈ R, lim
s→π/2
sinα(s)
cosb s
∈ R.
If a ≥ ℓ and b ≥ k, then the mapping ϕ(k,ℓ),α is smooth on S3.
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Example 2. Let ϕ = ϕ(k,k),α : S3 → S2(1
2
) be defined by the α-Hopf
construction as above, thus having the Hopf invariant Q(ϕ) = k2.
Choosing α(s) = 2 arctan
(
tank s
)
we obtain a globally defined, smooth
harmonic almost submersion with critical points located at s = 0 and
s = π
2
. Note that this map is the composition of z → zk with the Hopf
map. We can check that in this case λ21 = λ
2
2 and
|λ1λ2| = k
2 sin2(k−1)s cos2(k−1)s(
sin2k s+ cos2k s
)2 .
Define the charge-dependent potential:
P (ϕ1, ϕ2, ϕ3) =
k4
25
(
1− ϕ23
)2(k−1)/k (
(1 + ϕ3)
1/k + (1− ϕ3)1/k
)4
For instance, if k = 2, then P is given by the following linear combi-
nation of (generalized) new baby Skyrme potentials:
P (ϕ1, ϕ2, ϕ3) = 2 (1− ϕ23) + 4 (1− ϕ23)3/2 + 2 (1− ϕ23)2.
The unit vector field tangent to the fibres of ϕ is U = ξ+ =
∂
∂φ1
+ ∂
∂φ2
and one can see that the fibers are minimal µV = ∇UU = 0. By noticing
the equality P (cos s · eiφ1 , sin s · eiφ2) = 1
2
λ21λ
2
2, according to Corollary
1 we conclude that
• V = |λ1λ2|U is a steady Euler flow with zero pressure;
• ϕ is a σ2-critical smooth submersion with (charge dependent)
potential P . Being also harmonic, ϕ is a solution on S3 of the
full Faddeev-Skyrme model with potential P .
Notice moreover that∫
S3
|V |2νg = Eσ2,P (ϕ) = 2π
2
3
(
k3 +
(
k2 − 1) π csc(π
k
))
which reduces to Eσ2,P (ϕ) = 2π2 for k = 1 (i.e. Hopf map) case and
has the following asymptotic behaviour limk→∞ 1k3Eσ2,P (ϕ) = 4π
2
3
(i.e.
for relatively large charges, Eσ2,P (ϕ) scales as Q(ϕ)3/2).
For comparison let us derive one of the solutions in [1] starting with
the steady Euler flow (15) on S3 described above, again with k = ℓ. In
this case f+ = h and f− = 0, so the pressure is constant. Therefore
the Bernoulli function that will play the role of potential term is P =
1
2
k2h2(cos2 s) + cst. For the associated submersion ϕ(k,ℓ),α, asking that
|λ1λ2| = |V | (cf. Proposition 2) and imposing the potential to be of the
form P = 1−ϕ3 (old baby Skyrme potential) results in the equations:
α′(s) sinα(s) = 2 sin(2s)h(cos2 s);
α′(s) sinα(s) = −k2 sin(2s)h(cos2 s)h′(cos2 s)
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with the solution α(s) = arccos (2(1 + k−2) cos2 s− 2k−2 cos4 s− 1)
that corresponds to [1, (34)]. If k = 1, this yields a smooth solu-
tion. If k ≥ 2, then the submersion corresponding to α is continuous
but not smooth (however, its energy is still well defined since its partial
derivatives are continuous and bounded on the complement of a set of
measure zero in S3).
In Example 2 we have seen that there exist classical solutions for our
variational problem if we make a convenient choice of potential depend-
ing on the homotopy class, a strategy reminiscent of [26, 40] in the baby
Skyrme model case. In the last part of this section we shall keep stan-
dard choices for the potential but we allow non-standard metrics on
the domain M (again depending on the homotopy class). While taking
this freedom is questionable from physical point of view (higher charge
configurations might have a specific behaviour in approaching the vac-
uum or specific living space geometry), it may shed a new light to the
existence theory for classical solutions for Faddeev-Skyrme model with
mass term. Moreover let us recall that even for the (elliptic) harmonic
map problem this kind of construction is the only known way to obtain
(semiconformal) solutions between spheres ([3, Ch.13]) in closed form.
The first non-standard metric that we consider in the next example
is an ellipsoidal (or ”squashed”) metric, where the squashing factors are
given in terms of k and ℓ defining the Hopf invariant of the map. We
note that this kind of squashed 3-sphere has been recently considered
in the context of supersymmetric gauge theories ([17]).
Example 3. Let a > 0 and k, ℓ ∈ Z. Consider S3 endowed with the
squashed metric
gk,ℓ = a
2
[
(k2 sin2 s+ ℓ2 cos2 s)ds2 + k2 cos2s dφ21 + ℓ
2 sin2s dφ22
]
given by the restriction of the metric G = a2 [k2|dz0|2 + ℓ2|dz1|2] on C2.
Let ϕ = ϕ(k,ℓ),α : (S3, gk,ℓ) → S2(12) be defined by (16). Its σ2-energy
density can be directly computed to be
λ21λ
2
2 =
[α′(s)]2 sin2 α(s)
16a4 sin2 s cos2 s
(
k2 sin2 s+ ℓ2 cos2 s
) .
The unit vector field tangent to the fibres of ϕ is
(17) U = 1
akℓ
(
ℓ ∂
∂φ1
+ k ∂
∂φ2
)
and it can be seen that µV = ∇UU = 0. Choose the new baby Skyrme
potential P (ϕ) = 1 − ϕ23. Then asking 12λ21λ22 = P (ϕ) (cf. Corollary
1) we obtain a2 = 3π
4
√
2
(k + ℓ)/(k2 + kℓ + ℓ2) and the profile function
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(k 6= ℓ)
α(s) =
π
(
4k3 −√2 (k2 + ℓ2 − (k2 − ℓ2) cos(2s))3/2
)
4 (k3 − ℓ3)
satisfying boundary conditions α(0) = π and α(π/2) = 0. Notice that
for k = ℓ we obtain α(s) = π cos2 s (compare with [1, (55)]). The
corresponding mapping ϕ is an almost submersion with critical points
generically located at s = 0 and s = π
2
, which is globally smooth for
|k|, |ℓ| ∈ {1, 2} and only C1 otherwise (with the singular set of measure
zero in the latter case). We can conclude that
• V = |λ1λ2|U is a steady Euler flow with zero pressure;
• ϕ is a σ2-critical submersion (smooth for charges 1, 2 or 4) with
standard potential P (ϕ) = 1− ϕ23.
Notice moreover that
∫
S3
|V |2νg = Eσ2,P (ϕ) = 25/4π7/2
√
3 kℓ
√
k+ℓ
k2+kℓ+ℓ2
which scales as Q(ϕ)3/4 for k = ℓ.
The second non-standard metric is conformally related to the stan-
dard round metric.
Example 4. Let a > 0 and k, ℓ ∈ Z. Consider S3 endowed with the
metric
gk,ℓ =
a2k2ℓ2
k2 sin2 s+ ℓ2 cos2 s
(
ds2 + cos2s dφ21 + sin
2s dφ22
)
.
Let ϕ = ϕ(k,ℓ),α : (S3, gk,ℓ) → S2(12) be defined by (16) with he unit
vector field tangent to the fibres given by (17). Again one has µV =
∇UU = 0.
For the new baby Skyrme potential P (ϕ) = 1 − ϕ23, asking 12λ21λ22 =
P (ϕ) (cf. Corollary 1) gives us a2 = π
4
√
2
(k + ℓ)/kℓ and the profile
function (k 6= ℓ)
α(s) =
ℓπ
k − ℓ
(
k
√
2
[k2 + ℓ2 − (k2 − ℓ2) cos(2s)]1/2 − 1
)
satisfying α(0) = π and α(π/2) = 0. For k = ℓ we obtain again
α(s) = π cos2 s. The corresponding mapping ϕ is an almost submersion
with critical points at s = 0 and s = π
2
, which is globally smooth for
|k|, |ℓ| ∈ {1, 2} and only C1 otherwise. We can conclude that
• V = |λ1λ2|U is a steady Euler flow with zero pressure;
• ϕ is a σ2-critical submersion (smooth for charges 1, 2 or 4) with
standard potential P (ϕ) = 1− ϕ23.
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Notice moreover that
∫
S3
|V |2νg = Eσ2,P (ϕ) = 2−7/4π7/2
√
kℓ(k + ℓ)
which scales as Q(ϕ)3/4 for k = ℓ.
Remark 5. The vector field defined in Equation (17) is a unit (non-
linear, rotational) Beltrami field with respect to both metrics considered
in Examples 3 ans 4.
Nevertheless the vector field (17) cannot be itself the steady Euler
flow associated to an Eσ2-critical mapping into a surface (cf. Prop. 2,
the σ2(ϕ) would be constant and ϕ submersive, while the associated fo-
liation has two singular orbits if k 6= 1, ℓ 6= 1, a contradiction). In order
to make this possible, one has to allow an orbifold codomain as in the
following last example. This will be the appropriate realisation of the
Boothby-Wang construction that we have attempted in [30, Example
5.6] where neither the domain metric, nor the mapping ϕ were globally
smooth (in the present approach conical singularities are ”confined” on
the codomain).
Example 5. The (smooth, non-singular, global) vector field Vk,ℓ =
ℓ ∂
∂φ1
+ k ∂
∂φ2
is a linear Beltrami field with respect to the weighted
Sasakian metric ([38]) on S3
g
w
= 1
ς
(
ds2 + 1
ς2
sin2s cos2s(kdφ1 − ℓdφ2)2
)
+ 1
ς2
(cos2s dφ1+sin
2s dφ2)
2,
where ς(cos seiφ1, sin seiφ2) = k sin2s + ℓ cos2s is a (globally defined)
function on S3. In fact Vk,ℓ is the Reeb vector field of the contact
structure defined by η
w
= 1
k sin2 s+ℓ cos2 s
ηcan, where ηcan is the standard
contact form on the round 3-sphere, and g
w
is an associated metric.
The volume form of the weighted sphere and of the standard one are
related by:
νgw =
1
ς2
νgcan,
so in particular Volgw(S
3) = 2π
2
kℓ
(the higher charge configurations get
more confined).
As steady Euler flow with respect to this new metric, Vk,ℓ is also
the unit tangent vector field to the (geodesic) fibres of the smooth Rie-
mannian orbifold submersion ϕ(z0, z1) = [z
k
0 , z
ℓ
1] with Q(ϕ) = kℓ, which
is therefore a pure σ2-critical submersion from the weighted sphere
(S3, g
w
) onto the weighted projective space CP 1
w
as compact complex
orbifold with an induced Ka¨hler structure ([6, Theorem 7.5.1]).
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